In this paper, we will use the ODE method and geometry of Gaussian curvature of HCMU metrics to construct a class of nonradial extremal Hermitian metrics with finite conical singular angles 27r • integer on 5 2 .
Introduction.
It is well-known that there is a metric with constant Gaussian curvature in each conformal class of any compact Riemann surface, by the classical uniformization theorem. It is a natural question to generalize this classical uniformization theory to compact surfaces with conical singularities. However, there are surfaces with conical singularities which do not admit a metric with constant curvature. For example, a football with two different singular angles does not admit a metric with constant curvature (for the existence or non-existence results of constant curvature metric in a surface with conical singularities, to see [T] , [M] , [CY] , [LT] ). Recently, instead of using metrics of constant curvature, X. Chen in [Chi] , [Ch2] and [Ch3] started to use the extremal Hermitian metrics to generalize the classical uniformization theory to Riemann surfaces with finite conical singularities. Besides a class of radial extremal Hermitian metrics on footballs (cf. [Ch2] ), some nonradial examples of these metrics on S' 2 with three conical angles 47r
and nonconstant Gaussian curvature were found by E. Calabi and X. Chen (cf. [Ch3] ). In [WZ] , Wang and the second author also studied the extremal Hermitain metrics on Riemann surfaces with finite conical singularities and generalized Chen's results in [Ch2] . Let M be a compact Riemann surface and {pi}i=i,...,n C M. For any Hermitian metric go on M \ {pi}i=i im .. i ni consider the set Q(M) of metrics with same area which are pointwise conformal to go and agree with go i n a small neighborhood of {pi}^!,...^-In the closure of this set G (M) A special case of (0.3) is (0.4) K >zz = 0, which means that is a holomorphic vector field on M \ {pz}i=i,...,n-I n particular, in case
5) F(z) = e-^Kj
is a rationally holomorphic function on C (cf. Proposition 1.2). Usually, a Hermitian metric satisfying (0.4) is called HCMU ([Ch3] ), which including the case of K = const. A HCMU metric on a compact Riemann surface with finite singularities is the simplest case of Calabi's extremal metrics in the singular spaces ( [Cal] , [Ca2] ).
In this paper, we will use the ODE method and geometry of Gaussian curvature of HCMU metrics to construct a class of nonradial extremal Hermitian metrics with finite conical singular angles 27r • integer on S 2 . In fact,
we shall classify all these HCMU metrics on S 2 and give an explicit formula via rationally holomorphic functions on C.
Definition 0.1. A HCMU metric on a compact Riemann surface M with finite singularities {pi}i=i 1 ... 1 n is called exceptional if all singular points have weak, integer conical singular angles 27ra; and F(z) defined by (0.5) has following expansion near those singular points p;, ^) = (z-^)-^-1 )(c i + ^(z)),
for some complex-valued numbers a ^ 0 and holomorphic functions gi{z) near p;.
Our main theorem can be stated as follows (cf. Theorem 2.1).
Theorem 0.1. Let pi = (oo) and pi = (zi),i = 2, ...,n, be n points on S 2 = C U {oo}, and ai > 2,..., a n > 2, n positive integer numbers. Let n a = OLi +^{ai -1). In case of minimal exceptional HCMU metrics on S 2 , we can give an explicit formula (cf. Theorem 3.1). In particular, for any n singular points with conical angles 27r • integer and a positive number CQ, there is a family of extremal Hermitian metrics on S 2 with same area CQ, which vary energy E(g) with three parameters (cf. Remark 3.1). This shows that a HCMU metric with finite integer conical singular angles on 5 2 could not be in general a local minimizer for energy functional E with respect to a general deformation, which preserves the area and conical angle structure at each singular point, although any HCMU metrics is a local minimizer in the class Q(M) (cf.
[Ca2], [Ch3] ).
The organization of paper is as follows. In Section 1, by using the asymptotic expansion of Gaussian curvature, we study the local behavior of Gaussian curvature of HCMU metric with finite energy and area near the singular point. In Section 2, we will use the ODE method and geometry of Gaussian curvature of HCMU metrics to classify all exceptional metrics with finite singularities on S 2 , and then prove Theorem 0.1 (Theorem 2.1). In Section 3, we can give an explicit formula for any minimal exceptional, HCMU metrics (cf. Theorem 3.1). In Section 4, we shall classify all HCMU metrics with finite energy and area on R 2 as well as radial, extremal Hermitian metrics with two different weakly conical singular angles at the origin and infinity. In Section 5, as two examples, we discuss all exceptional, HCMU metrics on S 2 with two and three weakly conical singular angles 47r respectively.
Local behavior of Gaussian curvature K.
In this section, we discuss the local behavior of Gaussian curvature of a HCMU metric on D \ {0}, where D C R 2 is a disk. Let g -e^ldz] 2 be an extremal Hermitian metric with finite energy and area on D \ {0}. Then we have the following system, where A is the standard Lapalace operator on M 2 .
Let x = (z) = (r cos#,r sin0). Then following result was proved in [WZ] . 
Without loss of generality, we may assume e*. = 1. By (1.4), we see k < a. Hence by the standard regularity theorem, it follows Hence, combining (1.10), (1.11) and (1.12), we get
Since g is a HCMU metric, then by (0.4), we have
Then by (1.13), it follows k = 0, and consequently, K(x) = 0. By (1.14) and Lemma 1.3, we see
This shows that the Guassian curvature K is continueous across the singular point {0}. In general, we prove Hence by (1.15) and (1.16), we get a) \er
This shows that there is a holomorphic function g(z) on D such that 
for some complex-valued numbers c; 7^ 0 and holomorphic functions gi(z) near p;.
Remark 1.2. If g = e 2(t> \dz\
2 is a HCMU metric on D \ {0} with finite area and energy, and a weakly conical singular angle 27r at the origin, then by the system (1.1) together with Proposition 1.1, one can prove that g is in fact smooth on D (cf. an argument in the proof of Proposition 4.1). So in Definition 1.1, we may assume that all weakly conical singular angles are more than 27r. Proof. Since g is HCMU, there is a holomorphic vector field
Classification of exceptional HCMU metrics on
Then by using (2.2), we get
for some meromorphic function g(z) on M \ {pi}2=i,...,nBy (2.5) and (2.6), we see
is a real-valued function, and consequently g(z) = CF(z)~1 for some constant real-valued number C. Thus there is a real-valued number c f such that e 2 * = |F(*)r 2 (-^+cK + C ')>0, and consequently, K satisfies
Conversly, we assume that K is a solution of integrable equation (2.3) and (j) is given by (2.4). Then it is clear
Differentiating (2.3) and using (2.7), we have
This shows (</>, K) satisfies equation (2.2). Now we need to check (K, (/>) also satisfies (2.1). Differentiating (2.7), we have Then again differentiating the above equation and using (2.3) and (2.7), it follows
Now we assume that g = e 2^\ dz\ 2 is an exceptional HCMU metric on 5 2 = C U {oo} with finite singularities {pi}i=i,...,n-Without the loss of generality, we may assume pi = (oo). Let 2'irai (ai > 2) be the weak, integer conical singular angles at pi,i = 1,... ,n. Then by Definition 1.1, it is easy to see that there is a meromorphic function F(z) on C such that n (2.8)
where f(z) is a holomorphic function on C with degree a = l+X^ILi( a * (2.14)
On the other hand, since </> is smooth at 7;, then by (2.4) in Lemma 2.1, one see that there is a constant A f =fi 0 such that which is contradict to (2.14). Claim is proved. By Claim, we see that there are complex-valued number Cj ^ 0 and a root 7i with multiple k > 2 of equation f(z) = 0 such that (2.9). In the late case, one can choose three nonzero real numbers ai,02,^3, such that
Then by using the argument in Lemma 2.2, we solve equation (2.3) as follow, ^ --3a(a -1)^ 1-7^ = /wi n(2-^r-1 .
i=2
Theorem 2.1. Let pi = (oo) and pi = (^),z = 2, ...,n, 6e n points on S 2 = C U {oo}, and ai > 2,..., a n > 2, n positive integer numbers. Let n a = ai + ^(a; -1). 
|F(z)|H 3
Thus </) defined by (2.27) is a smooth function on E 2 away from points {Pi}i=i,...,n and consequently , by Lemma 2.1, g = e 2^\ dz\ 2 is a HCMU 
Then a direct computation shows Since
hjn 
The lemma is proved. □ Remark 3.1. By (2.29) and Theorem 3.1, one can prove that, for any n singular points with conical angles 2^-integer on 5 2 , there are two uniform constnats C\ and C2 depending only on I?, A, 71 such that the areas of the family of minimal exceptional HCMU metrics constructed in Theorem 3.1 satisfy, (^ C* -=. < Area(g) < -7=, as c -» 0,
and
as c -> 00.
Hence for any n singular points with conical angles 27r • integer on g 2 and a positive number CQ, there is a family of HCMU metrics on S 2 with same area CQ, which vary energy E(g) with the parameters B,A,ii. This shows that a HCMU metric with finite integer conical singular angles on S 2 could not be in general a local minimizer for energy functional E with respect to a general deformation, which preserves the area and conical angle structure at each singular point, although any HCMU metrics is a local minimizer in the class
4. HCMU metrics on M 2 .
In this section, we shall classify all HCMU metrics with finite energy and area on M 2 . First by Proposition 1.1, we have iii) If a = integer > 2, then g is an either radial or exceptional metric on R 2 .
Proof. Let g -e 2^\ dz\ 2 be a HCMU metric with finite energy and area on R 2 . Let K be the Gaussian curvature of g. Then (</>, K) is a global solution of system (1.1) on R 2 . If K = const., then the metric g can be extended to a smooth one with constant Guassian curvature on S 2 , which was proved in [CL] . In particular, the weakly conical singular angle is 27r. Hence, the case K = const, is of case ii) in Proposition 4.1. Now we assume K ^ const. Then there is a holomorphic function F(z) on R 2 such that F(z) = e -2^^.
Therefore, by Proposition 1.2, we see that there is a holomorphic function g(z) on R 2 such that {^(i), if a ^ integer; ^(«+i)( c + fl (I)) j for some c ^ 0, or 2ff(^), if a = integer.
i) In case a ^ integer. By (4.1), we see that the holomorphic vector field onE 2 can be extended to a holomorphic vector field on S 2 with vanishing at the origin and infinity. Then by using a suitable rotation of coordinate, we may assume e-2< f , Kz = az for some real number a / 0. It follows the one-parameter actions generated by the imaginary part of holomorphic vector field e~2^Kz- §^ are rotation transformations. By a well-known result, 0 is invariant under these rotations. This shows that </ > is radial and g is radial HCMU metric on R 2 .
ii) In case a = 1. As in Section 1, it is convenient to use Kelvin transformation, w = -. Let (D) . Using the iteration method, we prove ip G C 00 {D). This shows the metric defined by e 2<^\ dz\ 2 can be extended to a smooth one on S 2 . By a well-known result of Kazdan-Warner ([KW] ), we see that the vector field e~2 (^K z^ is holomorphic on S 2 implies K = const, and consequently (0, K) is radial by a result in [CL] . K = y/c follows from the relation
^(w) = -2ln\w\+(/)(-) and K(W) = K(-
hi) In case a = integer > 2, there are two cases: one is F(z) = £#(-), the other is F(z) = z a+1 (c + g(l) ). In the first case, g must be radial by the argument in case i). In the second case, g is an extremal metric according to Definition 1. 
ii) Recently, X. Chen discussed these radial metrics by using ODE method ([Ch2] ). In addition of HCMU, we can use a new ODE method to give an explicit formula for these metrics. In fact, we can prove that any radial, extremal Hermitian metric with finite energy and area on R 2 \ {0} must be HCMU (cf. Proposition A in Appendix).
Since the Gaussian curvature K of g is a function only on one variable r, then by the proof of Proposition 1.2, one see 
|a;|->-oo
But this is impossible since K is bounded by Proposition 1. 2 . Without the loss of generality, we may assume two singular points are pi = (oo) and p2 = (0). Moreover, by Theorem 3.1, we can determine /^c', and prove Proposition 5.2. □ Remark 5.1. In [Ch3] , X. Chen described the Calabi's example of HCMU metric on S 2 with three conical singular angles 47r. By Proposition 5.2, this metric is belonged to the family of exceptional HCMU metrics constructed in Proposition 5.2, since it is nonradial near each sigular point.
Appendix A.
The following proposition is needed in Section 4. on R 2 \ {0}
Since K is also a solution of (A.l), we get
A(if -£) = ().
It follows (JRr-ir) = Ite (/(*)), onM 2 \{0}
for some meromorphic function f(z) on R 2 . On the other hand, one can prove \K -I3\n.r\ <C, as r -> +00, where 0 = -^/ (-X 2 + c)e 2^.
Hence by using the condition that K is radial, we see that f(z) must be constant, and consequently, 
